
-Evler Method



Sometimes you don't have a method

to find an exact solution
to a

differential equation .

So instead

You approximate the solution
.

One method to do this is

called Euler's method .

Its used for first-order

initial-value problems
:

y = f(x ,y)

y(x) = Yo



The idea goes like
this : Suppose you

know that a function y satisfies

y(a) = b and y(a) = m.
want to approx

imate

Then suppose you

y(ath) where
ho is a small

number.
targent

If you ·h distance · with e-go M

along the (a+h, b +hm)&
X-axis S Toximateanswer

-
and follow < a ath

y = b +
hm .

[the tangent -
h

line then

the y-value · hmwill be
(a ,b) th, i)

You just iterate this over

and over to get your approximation.



Let's use this idea in an example.

Consider the initial-value problem

y = xy y
3 xy = 0
-Ex y'- x xy = 0

y(0) = 1

(yx)= 0
[ ·From earlier ye

methods We know

the solution is Y (0) = 1 - c = 1

2Ex EX

y = e .

y = 2

Let's pretend that

We don't know
this .

Let's try to approximate
the solution

when OXEI.

First let's divide
up
OEX11 into

smaller segments.
1 - 0#
- ↑

!
!

Let h = 0 . 25
=

4 0
.
25 0 .

5 0 .75

#
Using h we can

h= 0 .25



break OIXE1 into 4 equally sized

segments. We will approximate
the

solution to y= Xy , y(0)
= 1 at these

four points.

The formula y= Xy tells us
the slope

of the targent line
of the solution

use this
to

We can 2

at any point
. EX without

approximate
the

solution y = e

the solution .
knowing

Use the
initial-value y(0)

= /

our approximation .

to get the
first point

in

Let Xo
= 0
,
Yo = 1 .

The tangent
line x

has slope 1 .
y
= e

y = X -Y = 0
103174

at this point
.FiMore h = 0 .
25

along the tangen
t (x,,] , )

line to get the->
next approximate



point (X1sY . ) .
This is :

X, = Xo +
h = 0 + 0 . 25

= 0 .

25

Y, = Yo+ hoy' (xod-
XoJo

= 1 + 0 .

25(d)(1)

= I

Now do this again but
at (x 1, Y ,)

= (0 .
25
, 1)

The tangent line
at x

= 2

10 .25 , 1) has slope

ennE 11

(x2 ,Ya)

Set the next
t

Eapproximate poin sdas"O
to be

x z
= X , + h = 0 .

29 + 0 . 25 = 0 .
5

Yz = y ,
+ h - y'(X,Y ,)

= 1 + 0
. 25(0 .25)(1) = 1 . 0625



keep going...

Xy = Xz
+ h = 0 .5 + 0 .

25 = 0 .75

Y3 = Yzthy(x2 ,42
↑

x
= 2

= 1 , 0625 y = 0 .53125
- 0 . 53125

+ 0 .25 (0 .5)(1 .

0625 &

= 1. 19531T/
->

abs dis das

Last point... &
Xy = Xy +h

= 0 .75 + 0 . 25 =
1 uStht

gasus

1
= 0 .
896483

3y = yz + hy'(x3 ,
43)#Fill (1 .19331)

I=10, 11 10 ,25, 11

= 1 ,41943

0 . 29 0
.
5 0.75



Inex
actual solution y = e

&

N

I

#it
would

If we
used a smaller

h we

better approximation
.

get a way
an idea

This example
is to give

works.
of how the method



method
suppose we

want to approximate

a solution to

y' = f(x ,z)

y(X) =Ye

Pick Some n > 0 .[above.Wa are given
Xo, Yo

Set

Xn = Xn - 1
+ h

+ h .
f(xn - 1 ,Yn - 1)

Yn = Yn - 1

for nY



E: Approximate a solution
to

y = xy
f(x ,y) =Xy[ 2Xo = 0, yo = 1y(0) = 1

rEXE0 .
5 using h = 0 . /

Un the interval

The Euler
equations

here are

+ h
= Xn - 1·it
Xn= Xn

- 1·= 0Xo

Yo = 1

For n= 1 :

= Xo+h
= 0 + 0 . 1 = 0 . 1

X
,

h . Xo
· Yo

y, = Yot1011·
=I



+ h = 0 .
1 + 0 . 1

= 0
.

2

Xz = X /

Xz = 0 .
2

Yz = y , +
h - xi

. y
# Yz = 1 . 01(0.13(1) [

= 1 .

01

X3 = Xz +h
= 0 .

2 + 0 . 1 = 0 .
3 X3 = 0 .

3

-

Yz = Yz + h
. Xz Yz

&
S Y3 = 1 , 030210. 17 (0 .

2)201
[

= 1
.

0302

X = Xy + h
= 0 . 4

Xy = 0 . Y
Y

yy = y3
+ hx333 [+10 .

17(0 ,
31(1 .

030277447
1 , 061106

= 1
.

061106

X s
= Xy + h = 0 .

5

·Sosnos(
= 1

.
10355024
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